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1 
In this paper, G denotes a finite fusion-simple group of even order, 
(A finite group X is @ion-simple, if X = Oz(X) and 2(X/O(X)) = 1.) We 
assume O(G) = 1, and z denotes an involution in G. We set H = Co(z) 
and E = O,(H). Finally, we work under the following hypothesis throughout 
the paper: 
(i) C,(E) C E, and 
(ii) E is extra-special and the width of E is at least 2. 
Our goal is to prove some results that restrict the structure of H. This 
configuration merits investigation, since it occurs in several families of 
Chevalley groups over fields of characteristic 2 and also in many of the 
presently known “sporadic” simple groups. 
We close this section with some elementary results and notation to be used 
in the remainder of the paper. 
(1.1) We have (z} = E’ = C,(E) and H contains a Sylow 2-subgroup of G. 
Proof. Since <z) = Z(E), we see that a Sylow 2-subgroup of H has a 
cyclic center. This implies (1 .l). 
We use the following notation: Q = {Xx: x E G}; d = the set of all 
mappings /” from D to G such that p(X) E X for all X E L?. We denote with h 
some fixed mapping in A. Also T is a homomorphism from H into an abelian 
group, and for g E G, we set V(g) = nXER T(A(X) gh(Xg)-l). 
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(1.2) The mupping V is a homomorphism, and if p E A, then 
V(g) = n w4m-Gc1). 
XE.0 
Proof. This is [3, Theorem 7.3.21. 
Next, let n C 52 and a E G. Assume n is u-invariant, i.e., X E d implies 
XaEA. We set 
V,(a) = n T@(X) aX(Xa)-l). 
XEA 
If Y is a mapping of A into G such that V(X) E X for all x E A, then 
(1.3) V,(u) = n T(~(X)av(xu)-I). 
XEA 
Proof. The proof of (1.2) can prove (1.3). 
(1.4) Suppose 52 = A, U A, U **-uA,,whereA,nAj = @,wheni#j, 
and assume ach Ai is u-invariant. Then 
v(a) = fi v,,(u). 
i=l 
Proof. This is clear. 
Our group theoretic notation is that of [3] and includes the “bar” conven- 
tion for denoting homomorphic images. 
2 
In this section, we prove 
THEOREM 1. If K C H and 1 H : K j = 2, then E C K. 
COROLLARY 1. The group H does not possess a normal subgroup of order.4. 
The proof of Theorem 1 will be carried out in a sequence of lemmas. We 
assume, by way of contradiction, that K violates the theorem and we let T 
denote the natural homomorphism of H onto H/K. Since O%(G) = G, we 
have 
(2.1) V(g) = 1, for uZZ g E G. 
Now, let g E G and set A = (Hge: e E Ef. Also, let D denote the kernel of 
the permutation representation of E on A. 
270 FRRDRICK SMITH 
(2.2) We have [ A 1 = 1 if and only qg E H.. 
Proof. If g E H, it is clear that 1 d 1 = 1. Suppose 1 d 1 = 1. Then, 
HgE = Hg, and so gEg-l _C H. We conclude g E H by 1.1. 
(2.3) There exists an involution a E E - K. 
Proof. Since the width of E is greater than 1,. we know E = Ql(E). Since 
E $ K, we get (2.3). 
(2.4) If ( A j # 1, then V,(a) = 1. 
Proof. Suppose first A = C,(a) C D. Then A = {Hg, Hge} for some 
e E E - A. In particular, ae = ax. Let v(gg) = g and “(Hge) = ge. Then, 
by (1.3), V,(a) = T(gag-I) T(geae-lg-l) = T(gzg-i). But gAg-l C H and 
so gxg-r E W’ _C K. This completes the case, A c D. 
Next, assume A $ D, set i? = E/D and choose w E A - D such that Ed is 
an involution in Z(E); this being possible since A 4 E. Then, each orbit of w 
on A has exactly 2 elements. 
Suppose X = Hge, e E E, is fixed by a. Then, Xw # X is also fixed by a, 
and T(gea(ge)-I) T(gewa(gezu)-l) = 1. Suppose Xa # X. Then we see 
T(gea(gea)-l) T(geaa(ge)-l) = 1. Using (1.3), we conclude VA(a) = 1. 
Nowletg, = l,g%,..., g, be a complete set of double coset representatives 
of (H, E) in G and set Ai = {Hgie: e E E). Then V(a) = nLl V,Ja) = 
VA,(a) = aK # 1 by (2.2) and (2.4). But this contradicts (2.1) and thus, 
proves Theorem 1. 
If W is a normal subgroup of order 4 in H, then E $ C,(W) and 
/ H : C,(W)/ = 2, contradicting Theorem 1. This proves Corollary 1. 
3 
In this section we prove 
THEOREM 2. Suppose x is a 2-element in H - E. Set E = E/Z(E). Then 
1 E : C,(x)/ > 4. 
Assume x violates the theorem. Since C,(E) is a normal 2-group in H, we 
see I i? : CE(x)l = 2. Let n denote the width of E. Then the outer automor- 
phism group of E is a full orthogonal group of dimension 2n over the field 
of 2 elements. By the structure of these orthogonal groups (see [l]), we con- 
clude that H contains a subgroup K of index 2 such that E C K and x E H - K. 
(3.1) There is an extra-special 2-group EO of width n in H such that EO cf K. 
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Proof. Choose D of index 2 in E such that D = C&x). Then D is a 
central product of Z(D) with an extra special group C of width n - 1, and 
Z(D) = (d, z) for some d E: D - x. 
Since x centralizes C, replacing x by xc for some c in C if necessary, we can 
assume x centralizes C. 
If B = C,(C), then B is nonabelian of order 8, and x acts as an outer 
automorphism on B. Replacing x by b’x for some b’ in B, we can assume 
x2 E (z). Then we can find b E B - Z(D) such that b” = bd. This implies 
d” = d-l. Since bd is conjugate to b, we see (bd)2 = b2, and so d2 = z. It 
follows that B, = (x, d) is nonabelian of order 8 and then, EO = B,C 
satisfies 3.1. 
(3.2) We have C,(E,) = (z). 
Proof. If J = C,(E,,), then J C H. Suppose j f J. Then j centralizes 
E n E, , and it follows that jx” centralizes E/Z(E) for t = 0 or 1. This 
implies jxt E E and j E E(x). Since C,(x) C E, , we see j E E, . This proves 
(3.2). 
As a consequence of (3.2), HgE,, = Hg if and only if g E N. Thus, we can 
let E,, play the role of E in the proof of Theorem 1 and obtain the same contra- 
diction as there. This proves Theorem 2. 
4 
In this section we prove 
THEOREM 3. Suppose the width of E is at least 3. Then H does not contain 
a normal nonabelian subgroup of order 8. 
We assume by way of contradiction that Q violates Theorem 3. By Corol- 
lary 1 we see that 3 divides 1 H : QCH(.Q)], and this implies that Q is a quater- 
nion group. We set K = C,(Q) and D = CE(Q). If n is the width of E, then 
D is an extra-special group of width n - 1. 
(4.1) SzlpposegEG-HandQQCH.ThenQ~nE=(z~)andQQCK. 
Proof. We know E $ Hg = NG(Q9). Set T = Hg n .EQg. Then we can 
find e E NE(T) - T, and so Qg* 4 T. Since e $ Hq, we conclude Qg n Qg* = I 
and Qg centralizes Qge. 
Let a and b be generators of Q. Then agE = as&E, and so a-g& G E. But 
(a-gage)“g = a-ga%g, and it follows that xg E E. Since Q(E) = <z>, we must 
have p n E = (x”). Since a Sylow 2-subgroup of Aut(Q) is a dihedral group 
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of order 8 and since Qg normalizes Q, we see xg centralizes Q. This implies 
Q~ZP,andso[Q,Qg]_CQnQg=l.Thus,~_CK. 
(4.2) Suppose x = zg E H - E for some g E G. Then x E Hg - Es, 
Qg n H = <x>, and Q n Hg = (z>. Also, <x>Q = (z>p is a semidihedral 
group of order 16. 
Proof. By (4.1), we see Qg $ H. If z E Eg, then C&Z) normalizes Q. 
Since n > 2, this would imply that x centralizes Q, and by (4.1), Qg _C H, a 
contradiction. Thus, x E Hg - Eg. 
Suppose p n H = ( y) and ya = x. Since x does not centralize Q, we can 
assume av = a, by = ab, ax = a, and 6” = bz, where a and b generate Q. 
We also have [Cz(x), y] C E n QQ = 1. Assume x centralizes batd with 
d E D and t = 0 or 1, Then dy = ad $ D, a contradiction, since D 4 H. 
It follows that C,(x) _C (a)D. If d” = dx for some d E D, then x centralizes 
bd, contradicting the preceding. Thus, Co(x) covers C’,(x), where E = 
E/Z(E). Since x centralizes Q, Theorem 2 implies that x does not centralize D. 
Since y centralizes C,(x) and y2 = x, we have a contradiction. We have 
shown 8” n H = (x). The same argument then shows Q n Hg = {z). 
It now follows that x and x act as outer automorphisms on Q and p, 
respectively. This completes the proof of (4.2). 
(4.3) There exists g E G such that zg = x E H - E. If F = C,(x), then F 
is elementary of order 2- and every involution in XF is conjugate to x in E. If 
F* = C,g(z), then F* is elementary and every involution in zF* is conjugate 
to x in Es. 
Proof. By Glauberman’s Z*-theorem a conjugate of .Z lies in H - <x). 
If no conjugate lies in H - E, we can apply a theorem of Timmesfeld [4] to 
reach a contradiction. The first statement in (4.3) is proved. 
Now, if z is a square in F, then x acts as an inner automorphism on Qg, 
contradicting (4.2). Thus, F is elementary. 
We can assume ax = az and b” = ab. Then F _C (a>D, as D a H. This 
implies 1 F 1 < 2”. Since every involution in xE lies in x(a>F, we conclude 
1 F ( = 2” and the involutions in XF are conjugate to x in E. The same 
argument works for z in Hg, proving (4.3). 
(4.4) We have F n Eg is of index 2 in F, C,g(z) = (x) ,X F n Es, and the 
involutions in (x)F are all conjugate in G. 
Proof. Suppose W 2 F, / W 1 > 4, and W n Es = 1. Since W normalizes 
p, we conclude some w E W# acts as an inner automorphism on Q”. But 
then so does wx. Since x is conjugate to wx by (4.3), we contradict (4.2). 
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Suppose f EF#. If f E z(F n Es), then f is conjugate to x. If f E F n E’, then 
f is conjugate to fx and fx E z(F n Es). This implies that the involutions in 
F* are all conjugate to x. Since the involutions in XF are all conjugate to x and 
since x is conjugate to z, (4.4) is proved. 
(4.5) I f  e = z* E E - <x> for some u E G, then e centralizes Q and x E: E’J. 
Proof. Since C,(e) normalizes 8” and since n > 2, we conclude z 
centralizes Q”. Then 4.2 implies x E E” and (4.1) implies e centralizes Q. 
We are now in a position to reach a contradiction. Let x be as in (4.4) 
We can assume a” = ax and bx = ab, where a and b generate Q. Since 
FnEg#l,wecanfindeflinFnEg.ThensU=eforsomeuEGby 
(4.4), and we get Q C H”. Since e E Eg, we know x E: E” by (4.5). Then, 
(a} = [Q, <x>] C E*. S’ mce aa = z, we have a contradiction. This proves 
Theorem 3. 
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